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I. INTRODUCT ION 

A reac tor core emits radiations, main l y gamma ray and neutron flux, 

in a ll directions. A portion of these radiations and their secondary 

emissions would reach the outs ide of the r eactor vesse l and become hazard-

ous to the s urrounding and reac tor pe r sonne l . In o r der to minimize the 

radiation effects from undue expos ure, it i s necessar y to enclose the re -

actor core wi th s uitable s hi e ldings • 
• In mos t thermal reactors, the bas i c neutron flux distr i buti on i s 

genera ll y confined in the core and ref lector . The bulk of shielding prob-

lem i s that of gamma attenuation. 

Photon interact i ons with matter can be c l assif i e d into many types of 

reactions. In s hi e lding s tudies, on l y three types of gamma inte r act i ons 

with matter need to be cons ide r ed. They a re t he photoe lectric effect, 

Compton sca tte ring and e lectron-positron pa ir production. Gamma attenua-

tion invo lving on l y photoel ect ri c and pa ir production effec t can be 

cons idered as absorpti o n processes a nd thus can be described accurate l y 

by an exponent i a ll y de creasi ng r e lat ion. However, i n energy reg ion aro und 

1 Me v, Compton scat tering i s the dominant process among the three. Compton 

sca ttering gi ves ri se to seconda r y photons; hence a correction factor mu st 

be applied to t he exponential l y dec reas ing re l at i on of gamma a ttenuation. 

Thi s correction factor, known as the buildup factor, is therefor e an 

important parameter for shiel ding studi es . 

Buildup facto r s have been ca l cul ated by the moments method for 

infinite homogeneous med ia. Howeve r, s ince r eactor shietd s ar e finite, 
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heterogeneous med i a, the moments method i s not direct l y app l icabl e. Bu il d-

up factors have a l so been ca l cul ated by Monte Carl o me thods . By 

the ir ve r y nature of random samp li ng, the computer time required by Monte 

Carl o methods i s prohibitive l y high for parametric stud ies. Furthermore, 

it i s not well su ited for deep penetration stud ies. One can use semi-

empirical formulas to calculate f inite heterogeneous buildup factors . 

Because of the approximations made in the ir deri vat i ons, the appl i cations 

of these buildup factor formu l as are limited in scope. It i s generall y 

ag r eed that there i s a l ack of informat ion about f ini te homogeneous 

{s ingl e layer) and finite heterogeneous (mu ltil aye r ) buildup factors . The 

transmi ss ion matrix method i s believed to be able to furn i sh some of thi s 

formati on. 

The objective of thi s invest i gat i on is to app l y the t ransm is sion 

matrix method for calculations of s i ng le layer and multilayer buildup 

factor s . Shielding materials that wi ll be used to fo rm these layers a re: 

water, aluminum, iron, lead and ur an i um. Fo r purpose of compari son with 

other methods, the maximum thicknes s stud ied was 20 mean-free- path lengths . 

For the cases of infi ni te homogeneous media, bui l dup factors calculated by 

transmi ss i on matrix me thod were compared with the moments method resu lt s . 

For the cases of finite mu ltil ayer bui ldup factor s , comparisons of the 

transmi ss ion matrix me thod results were made wi th those of the formu l as 

of Broder, Kitazume and Kalos and the method of a na l ytica l continuation. 
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II. REVIEW OF LITERATURE 

A. Methods of Eva luating Sing l e Layer Ga11111a Ray Bui l dup Facto r s 

A general survey of ga11111a ray bui l dup factors was treated by Trubey 

r1J and Chilton r2J. Systemati c eva luation of gamma ray buildup factors 

was first done by Goldste in and Wilkins [3] . Using the moments method, 

buildup factors for i nf ini te, homogeneous medium of wate r, alumi num, iron, 

tin, tungsten, lead and uranium were computed for poin t iso tropic and plane 

monodirectiona l so urce s" These bui l dup f actors of infinite, homogeneous 

med ium have served as the benchmark va lues. Perkins r4] and Zerby [5] 

calcu l ated finite energy (fluence) and exposure buildup factors for water, 

beryl li um, a l uminum, iron, t in and l ead by using the Monte Car l o methods . 

Be r ge r and Dogget [6] calculated the ratio of finite to semi-infinite 

bui ldup factors, BE {X, X) -1 

BE ( X, a) ) - 1 ' 

al so by us ing the Monte Carlo method. 

The s imp lest a nal ytical approximation to Goldste in and Wilkins' re-

suit i s by the empirica l linear form [1]. The li nea r form is a very c rude 

approxi mation and li mi t ed to short distance only. Berger [7] f ormulated 

an emp i rical, two-paramete r exponent i al expression to fit Goldstein and 

Wi lki ns ' result s . Chilton [8] obtained va lues of these two paramete rs . 

The values of buildup factor s from Berger form ag ree with Go l dstein and 

Wilk i ns ' results wi thin error limits of the or i g ina l data out to 10 mean-

free-path l eng ths. Tay lor [9] approx imated Goldste in and Wi l ki ns ' r esults 

by formu lating an e mpirical expression with two exponential terms . The 
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accuracy of Taylor's form is not always as good as some other methods but 

the relation is easy to apply to physical problems . Capo's pol ynomia l 

form (10] provides good agreement with Goldstein and Wilkins• results. 

However, the nature of polynomial expression makes it difficult to be 

applied to physical problems. All the emp iri cal forms that are used to 

approximate the Goldstein and Wilkins• results make the assumption that 

the med ium i s infinite and homogeneous. There have not been establi s hed 

benchmark values of buildup factors for shield media of finite thicknesses. 

B. Methods of Evaluating Multilayer Gamma Ray Buildup Factors 

Several crude estimates of multilayer buildup factors are known. 

Among them are the methods of Rockwe 11 of ''conversion into eq ui va 1 ent 

layer thicknes ses" and 11 cbminance of high Z materials11 [11). Blizzard 

r12J suggested the method of 11 dominance of the last layer . 11 Goldstein [ 13) 

proposed homogenization of the shielding layers by means of an homogenized 

effect i ve atomic number. A more refined formula has been given by Broder 

f 14] where the buildup at each laye r is assumed to be the sum of individual 

differences in buildup. Kitazume mod ified Broder's form by mu lti plying 

each term in Broder•s form by an exponentia lly decaying function . [15, 16). 

This exponentially decaying function describes the final saturating build-

up in the last layer. Kalas [1~ devised a semiempirical formula to flt 

his Monte Carlo calculation of water-lead two layer buildup factors . 

Strict l y speaking, Kalas' formula i s valid only for a monodirectional 

source through a water and lead combination of layer thickness not greater 

than three mean-free-path lengths. Zumach f 18) reasoned that the dose 
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at the shield interfacial boundary must be continuous and hence de vised 

the method of analytical continuation. This method gives results similar 

to those of Broder 1 s formula. All these methods are empirical or semi-

empirical in nature. There have been no calculations of multilayer build-

up factors without constraints in thickness and configuration. 
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I I l o GENERAL THEORY 

Transmission of ganma rays through a shielding medium can be con-

veniently described in terms of transmis s ion without collision with the 

electrons of the medium material, the unsca ttered flux, and transmission 

in which there is at least one collision with an electron, the scattered 

f l uxo The buildup factor is the ratio of the total transmitted flux 

(scattered and unscattered) to the unscattered fluxo 

total transmitted flux ct> (X, ti. ) 
B ( X, A, Z ) = = ----

unscattered flux ¢u(X, A) 

ct> (X,ti.) + dJ (X, ti. ) u s = ---------
¢ u ( X, /\) 

= 1 + ( 1 ) 

where B(X,A,Z) i s the buildup factor at source-detector distance X, gamma 

ray source wavelength fl. and shield medium atomic no. Z. 

rtJ (X,fl.), 1J (X, fl.) and ct> (X,J\ ) are re spectively the total transmitted u s 

flux, unscattered flux and scattered flux at source-detector distance X 

and ganma ray source wavelength /\. 

In view of the fact that the unscatte red flux for a particular shield 

can be readily obtained, the task of computing buildup factors then becomes 

one of finding the total transmitted flux. 

2 Ganma f I ux can be measured in e ither "energy f I uence" (Mev/ cm ), 

"exposure" (Roentgen, R) or "energy depos ition" (Rad f''. The bui 1 dup 

')T 

See Appendix A for definitions . 
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facto r s wi th gamma flux measured in these units are called respectively 

"energy fluence", "exposure" and "energy deposition" buildup factors . 

These bui l dup facto r s were formerly known as "energy', 11 dose11 and 11 energy 

absorptio~' buildup factors . 

A. Cal culat i on of Unscattered Garrvna Flux--Lambert' s Law 

For a monoe ne r getic, collimated narrow beam (or monoenergetic, broad 

par a l le l rays in purely absorptive medium), the attentuation of garrvna flux 

in the medium can be described by Lambert's Law: 

dJ (X,J\) = rll (O,A) exp(-µX) u 

whe r e <t>u (X, J\) unscattered f 1 ux at position X, source wave 1 ength fl.· 

¢ (0, /I.) = source f 1 ux at posit ion O, source wave 1 ength fl.. 

(2) 

µ = li near attenuation coeff i cient of the attenuation medium. 

x thi ckness of the attentuation medium. 
th For multil aye r shie l ds, the unscattered flux after then layer i s: 

n 
1f' 

i=l 
exp(-µ.X.) 

I I 

n 
= ¢(0, /1. ) exp(-}:; 

i=l 
µ . x.) 

I I 

th whe re ¢u(XN' A) = unscattered flux at n layer, source wavelength /I.• 

µ . = 1 i near attenuation coeffic ient of the . th 1 ayer I I 

= t hi ckness of the .th layer Xi I 

XN = distance between source and the n th I ayer. 

(3 ) 
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The li near attenuat ion coeff i cients of the var i ous med i a and source wave-

length are ava i lable i n vari ous publ icat i ons, e . g. ref. r 19] . Thus, t he 

calculation of unscattered f l ux of a ce r ta i n sh ield is s imp l y the app li -

cation of Equation (2) or Equation (3). 

B. Calculat ion of Total Transmitted Gamma Flux--

Moments Method, Monte Ca rl o Method and Transmis s ion Mat r ix Method 

Insof a r as bui l dup factor data ar e concer ned, the cal cu l ation of 

total transmitted f l ux have been done main l y by moments me t hod and to a 

lesser extent, by Monte Car l o me thods . Both of these me t hods have i nherent 

and sometimes ser i ous l imitat i ons . 

1. Moments method [20) 

The momen t s method can be bri ef l y described by the fol l owing: 

First, expand the angul ar var i ab le of the d i rect i ona l f l ux by Legendre 

polynomia l s and insert them back i nto the t r ansport equat i on for photons . 

The a ngu lar de pe nde nce of t he gamma fl ux is now expressed in te rms o f 

angular moments . Then expand t he spat i a l va ri a bl e of t he garrrna f l ux i n a 

power series and integr ate the who l e transpor t equat i on over al l space . 

Fina ll y, one proceeds to so l ve f o r the gamma flux numer i call y by c hoos i ng 

a certain number of angu l ar and spat i al moment s . 

Since t he number of angu l ar and spat i a l mome nts ca n be chosen to be 

any numbe r t hat is app ropr i ate fo r the s hi e l d med i um, t he moments me t hod 

can hand l e any deg r ee o f an i sot ropy and t hi ckness . However, i n i mp l ement ing 

the process of i ntegrat ion over a ll space, the assumpt i on of infin i te 

medium was made. Furthe rmore, the i nteg rat i on i s not feas i bl e un l ess the 
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cross section is spatially independent. Thus, one further assumes the 

medium to be homogeneous. Consequently, the total transmitted flux ob-

tained by moments method is limited to singl e layer (i.e . homogeneous 

medium), and it includes the effect of source backing and reflection beyond 

the thickness of the layer. 

2. Monte Carlo method 

The Monte Carlo method is essentially an experiment using random 

numbers and can be very flexible in terms of geometry. A certain number 

of photons are emitted by the source and each one is traced through the 

medium using stochastic methods for reactions and part i cle transport. The 

total transmitted flux through the shie ld med ium can accord ingly be calcu-

lated by an aggregate of these random photon samplingso The sh i e ld 

medium can be homogeneous or heterogeneous with almost any geometric 

shape. In order t o calculate the total transmitted flux within reasonable 

uncerta in ty, it i s necessary to samp le a large number of photons (2000 and 

upward). This requires large amounts of computer time and therefore i s 

exceedingly expensive for detailed parametric studies for buildup factors. 

3. Transmission matrix method l1..!l. 
Consider a slab sh ield of finite thickness t 1 with gamma ray incident 

on and leaving from both sides . The gamma flux transport problem can be 

described by the following expressions: 

* ©2 = T ¢ 1 + R ~2 ~) 

* ~1 = T ~2 + R 0 1 (5) 



www.manaraa.com

10 

where ¢ 1 and ~ l are respectively the incoming and outgoing flux on the 

left face of the slab, and ¢2 and ~2 are t he outgo ing and i ncoming flux 

on the right; T1 and T1* are respectively the transmission operators for 
"'k flux incident on the left and right face, and R1 and R1 are the reflection 

operators fo r flux incident on the l eft and riqht face. 

Excluding photon-photon reactions, there exists a linear operator 

H(t) such that 

<!; 
[ / ) = H(t) 

·2 

~ 1 

-t, 

Figure 1. Sl ab s hi e ld 

(6) 

m2 and ~2 can be so l ved from Equations (4) and (5) in terms of ~ l and ~ 1 • 

From Equati on (5), one obtains 

(7) 

Substi tuting Equation (7) into Equation (4) , one has the relation: 

(8) 



www.manaraa.com

I 1 

where U = T-I, U·:: = T·::-l. For isotropic mater i als, T = T;': and R = R;': . 

Combin ing Equations (7) and (8) into a matrix equat i on, one obtains: 

··}: ; '; .. k -;,'; 

¢ 1 rfi T-R u R R u 
r 2J = [ ] ] .... , ·}: 

(9) 
'¥2 -u R u '¥ l 

Comparing Equations (6) and (9), the H operator becomes 

;': ;': ;': ··k 
T - R u R R u 

H = [ ] ..,., ;': (1 0) 
-u R u 

For a two-layer slab sh ield, consider the following figure: 

<1> 1 

'¥2 '¥3 
~-+--

F i g u re 2. Two- 1 a ye r s I ab s h i e I d 

One can write for the first layer : 
;': ..,., ;': ; '; 

<i> rfJ T1-R 1 u1 RI RI ul rfi r 2J = H ( t l ) [ I ] 
= r ,·: ;': ] [ 1 ] 

'¥2 '¥I -u Rl ul '¥ I 1 
( 1 I ) 

and the second I ayer : 
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~,'\ ;': -;': ;': 

[ ¢3] 
rli T2-R2 u2 R2 R2 u2 rfi 

[ 2] [ 2) (12) = H (t2 ) = f ;': i': 

'Y 3 'Y2 -u R2 u2 'Y 2 2 

Combining Eq uati ons ( 11 ) and ( 12), one obta ins: 

[~ ) di .,.,U .,.,R R .,.,~.,·,) rt> 
H (t) [ 1] (T - R [ 1] = = -u.,''R 

'*'3 'i' 1 u 'I' 1 
(13 ) 

(14 ) 

... ;'; -1 
R = Rl + Tl " (1 - R2R l ) R2 Tl 

.. -}\ 00 -·- n 
= Rl + Tl R2 E (R l "R2) Tl (1 5) 

n=o 

;': ;': 
( I R2Rl .,·,) -1 ;': 

T = Tl - T2 

-}: 
Cl) -'- n ;': 

= Tl E (R2Rl ") T2 ( 16) 
n=o 

;': "'k "'k [ I R2Rl .,.,) -1 -}: 

R = R2 + T2R2 - T2 

;': ;': Cl) * n ..,., 
R2 + T2R2 E (R2Rl ) T2 (1 7) 

n=o 

The de rivation for an-layer s l ab sh i e ld fol lows the same logi c as i n the 

two-l ayer case. From Equations (9) and (13) through (17), it i s obser ved 

that in order t o obta in the total tr ansm itted flux, one must find the 

transmi ssion and r eflec tion matr i x operator s, T(t) and R(t) . Detailed 
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deri vat ions for finding these two mat rix operators are 

B. With T(t) and R(t) obta ined, the total t r ansmi tted 
¢ 

given in Append ix 
(1\2 

flux ( i .e . [ ] for 
'1'2 

a sing l e l ayer and [ 'l'n] for an-layer shiel d) can be computed accord i ng l y. 
n 

The transmission mat r ix method is an analytical process which does not 

assume the properties of infinite homogeneous medium. 

C. Description of Bu ildup Factor Formulas 

In th i s sect ion, various anal yt i ca l app roximat ions used to describe 

buildup factor data are exam ined. 

J. Singl e 1 ayer bu il dup factor s 

The bulk of s ingle laye r buildup factors have been calcu l ated by the 

moments me thod [3,22]. These bui ldup factors are app licabl e to inf inite 

homogeneous medium onl y due to the inherent properties of moments method. 

Go l dstein and Wilkins [3] pub li shed an extensive table of these bu il dup 

facto r s . Uncertainties claimed in the se ca l culat i ons were from 5 to 10 

percen t. Va rious efforts have been made to approx i mate t hes e bu ildup 

factors by ana l ytical formula s . They, therefore, are for an i nfinite 

homogeneous medi um a l so. The f our most colTITlOn l y used fo r mulas will be 

desc ribed he r e . 

(a) Linear fo r m: B(J\,µX) = 1 + A1 (A)µX (18) 

where A= source wavelength 

µ= l inear attenua ti on coeff i c i e nt 

X sou r ce- detector distance 

A I (A) = cons tan t = B (A, l ) - I • 

The l inear form was establi shed by r eason ing that the scattered buildup, 
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B(A,11X)-l, varies linearly with the distance. This form does not take into 

account the saturation in buildup at deep penetrations. In general, the 

1 inear form gives a higher va lue than the Goldstein and Wilkins' results 

and is val id only at short distance, usua ll y on the order of a mean-free-

path length. The value of the constant A1 ( /\), can be readil y obtained by 

setting the distance at one mean-free-path length. 

(b) Be rger form: B( A.,11X) = 1 + C( t.J1.1XeD( f\ )µX ( 19) 

where C(A) and D(A) are the two parameters dependent on the source wave-

lengtho 

Having observed the buildup factors displayed saturation as the dis-

tance increases, Berger [ 7) reasoned that the scattered bui 1 dup, B (A, µX)-1, 

should follow an exponential increase . The Berger form results match we ll 

with Goldstein and Wilkins ' re sult over the range out to 10 mean-free-path 

lengths. Because of its exponential expression, the Berger form is quite 

conveniently applied to integra tion to form the plane isotropic source 

kernel. Note that this formula reduces to unity when the distance is zero. 

The two parameters, C(A) and D(pi.), are available in ref . [8). 

(c) Taylor form: 

B (11,µX) = Ae -<X l (A)µX + {l - A)e -<Xz ( f\ )µ.X (20 ) 

where A, a 1 (A) and a 2 (A) are parameters to be determined for different 

source wavelengths. 

Taylor pointed out the spat ial dependence of buildup factors can 

be approximated by the sum of two exponential terms. In essence, this 

form stated tha t the buildup is the sum of an exponent ial scattered term 
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and the exponential of an unscattered term. Taylor ' s form also reduces to 

unity at zero thi ckne s s but it s accuracy is not al ways comparable to the 

o ri ginal Go lds tein and Wilkins ' dat3. Howeve r, beca use of its exponential 

express ion, thi s f ormul a i s fr eque nt l y appli ed to integrati on for con-

ver s ion to plane isotropic source kernel . The value of the three parameters 

are a vailable in ref. [10]. 

(d ) Polynomial form of Capo: 
3 

B( A, µX) = l: (3 (A) (µX )n 
n n=o 

where (3 (A) are the pol ynomial coefficients. n 

Unlike the above three formulas, Capo's form utilized a 4-term 

(21 ) 

polynomial to approximate the Gold s tein and Wilkins' data. Thi s formula 

is the most accurate one among the analytica l approximation f ormulas. It 

matches the Goldstein and Wi l kins' bui l dup factor very closel y over the 

whole range of di s tances (out to 15 or 20 mfp) and for energies from 0.5 

to 10 Mev. However, it is rather difficult to apply this form to inte-

gration to form the plane source kernel. The complete set of po l ynomial 

coefficients are given in ref. [9]. 

Monte Carlo methods were used in calculating buildup factors of water, 

berylliu~ aluminu~ iron, ant i mony and lead of only a few mean-free-path 

lengths because of the extensive computer time this method requires. No 

complete tabulation of buildup factor s as a function of source energy, 

thickness and materials have been done. 

By applying the algorithm of the transmi s sion matrix method, syste-

matic compi l ation of buildup factors was done for water, aluminum, iron, 
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lead and uranium. The transmission matrix method can handle both the 

infinite medium and finite slab geometries . With a slight modification, 

it can also treat the geometric configurations of semi-infinite medium 

with source backing and semi-infinite medium with reflection. Comparison 

with Goldstein and Wilkins' result was made for the infinite medium 

calculations. 

Figure 3. Infinite Medium 

Figure 4. Fi.nite Slab 



www.manaraa.com

l 7 

Detector 

Figure 5. Semi-infinite medium with spurce backin g 

Figure 60 Semi-infinite medium with reflection 
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2u Multilayer buildup factors 

Because of the inability of the moments method to treat analytically 

gamma transport at the interfacial boundary of a multilayer shield, the 

development of multilayer buildup factors are semiempirical at best. Among 

the various proposals, the following four are commonly used: 

(a) Broder' s Formula Based on shielding experiments using a point 

isotropic source of cobalt-60 and laminated layers of polyethylene, 

aluminum, iron and lead, Broder et~· [14) s tated that the multilayer 

buildup factors are governed by: 

N 
B ( 2: X. ) = 

• 1 I 1= 

N 
2: 

n=l 

N 
B ( L: 

n i=I 
x.) 

I 

N 
2: 

n=2 

n-1 
B ( 2: 

n i=I 
x.) 

I 

where X. = thickness of the i-th layer in mean-free-path. 
I 

For a 2- layer system, N = 2, the expression becomes: 

For a 3-layer system, N = 3, the expression becomes: 

(22) 

(23) 

(24) 

In essence, the Brode r 1 s Formula stated that the total bu i 1 dup factor 

of a multilayer sys tem is the sum of the individual di fferences in the 

buildup. This relation showed good agreement with experimental results for 

heavy-light systems (e.g., lead followed by aluminum), but was found to be 

inadequate for li ght-heavy systems (e.g., water followed by lead ). It 
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shou ld be noted that the sh i e l ding experiments were not performed with a 

monoenergetic source. Total exper imental e rror c l aimed was~ 10%. App li-

cation of Broder ' s formu la, therefore, can only be used as a ru l e-of-thumb 

estimation. 

(b) Kitazume' s formu l a Based on the results of the shielding ex-

per i ments using a plane source of cobalt-60 (activity: 10 Ci) and Jami-

nated laye r s of water, iron and l ead, Kitazume mod i fied Broder 1 s 

formu la by mu ltipl ying each term by an exponentially decaying function, 

exp(-<XX ), where X is the distance to the end point measur ed in mean-free-r r 
path [ 15, 16] . 

Thus, for 

N 
B( E x.) = 

i = 1 I 

a N- 1 ayer system, Kitazume 1 s formula 

N n 
E B ( E 

n=l n i =1 

N 
exp(-a E 

r=n 

N N 
x. ) 

I 
exp (-<:x E X ) 

r=n+ 1 r 
- E B 

n=2 n 

x ) r 

is: 

n- 1 
( E x.) 
i=l I 

For a two-layer system, N = 2, the express io n becomes: 

For a three- l ayer system, N = 3, the expression becomes: 

(25) 

Equati on (26) is for l ow e nergy (1-2 Mev) gamma. For h i gh energy gamma 
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(E > 2 Mev), the following ve r s ion gives better results: 

B(Xl + X2) = Bl (Xl + Xz) + [Bl (Xl) - B2 (Xl )] exp(-aX2) 

+ A[B2(X1 + X2) - B2(X2)] exp(-t3/X2) 

where A, a and t3 are determined experimentallyo 

(28) 

The introduction of the exponential term is designed to take into 

account the final saturation buildup in the last layero Hence, the de-

termination of a is critical. This can be done experimentally or by direct 

numerical integrationo In general, a i s between 0 and 3o For heavy-light 

combinations, Kitazume form reduces to Broder form by set ting a = 0. For 

light-heavy combinations, a~ 3o Kitazume form suffers also from un-

certainties due to experimental e rror so Deviations of Kitazume's formula 

from experimental values were+ 5-15%. Thus, the results of Kitazume's 

formula can only be used as an approximati on to the multilayer buildup 

factor so 

(c) Kalos' formula for lead and water shield Garrrna transport 

studies of 3 mfp layers of water and l ead were done by Kalos using Monte 

Carlo techniqueso Buildup factors were obta ined for these systems and the 

following semi-empirical formulas were devised to fit the results: 

For lead followed by water; Oo5 Mev ~ E ~ 10 Mev; 

B1 (x1)-1 
(29) 

For water followed by lead and 0.5 Mev ~ E ~ 10 Mev 
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(3 0) 

where (µ /µt) is the ratio of Compton scattering to total cross section c n 

in the n-th material. 

Effort s have been made [16, 17) to extend Kalos 1 formula to other 

materials and ove r 3 mfp in layer thicknes so In general, the deviation 

increases as layer thickness increases beyond 3 mfpo Application of Kales' 

formula is therefore limited to heavy-light thin shield systems. 

(d) The method of "analytical continuation" The method of 11 analy-

tical continuation" was proposed by Zumach based on the following two 

conditions: 

For a N-layer system with individual layer thickness x1, X2, x3 • • • XN' 

(i) The dose at the n-th to n+ l -th interfacial boundary must 

be continuous. 

(ii ) The mu ltilayer buildup factor at a thick layer approaches 

the material buildup of this l ayer. 

where B(X) i s the multilayer buildup factor wi th total thickness X mfp. 

BN(X) i s the material buildup factor for the N-th layer with 

th tckness X mf p 

XN is the thickness of the N-th layer. 
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Consider that the first layer buildup factor, B1 (X1) i s known, then one 

can select a mfp v1 from the second layer s uch that: 

(3 1 ) 

The two-layer buildup factor at the second layer i s therefore: 

(3 2) 

Carrying .this procedure out to the N-th layer, one obtains: 

(33) 

It is observed that the above procedures are justified if and onl y if the 

energy spectrum and angular dependence does not change appreciably while 

transversing from one layer to the adjacent oneo Thi s re s triction is 

evidently violated for a heavy-light combinationo Thus, the me thod of 

analytical continuation i s limited to systems consisting of layer s of 

similar attenuating and scatter ing propertieso 

The transmission matrix method i s one of t he analytical methods that 

can compute multilayer buildup factors with no constraints on shield 

materials and layer thickness o The procedure is similar to that of s ingle 

layer buildup factor s as described by Appendix Bo When Equations (3) and 

(14) - (17) were sol ved, the buildup f actors were automatically obtained 

by taking the ratio of total transmitted flux to unscattered fluxo 

The results from the transmission matrix method will be discussed in 

the next sectiono 
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rv. RESULTS AND DISCUSSION 

Ao Single Layer Bui 1 d11p Factor Studies 

The transmission matrix method was employed to compute single layer 

buildup factors of water, aluminum, iron, lead and uranium for infinite 

medium and finite slab geometryo It was ob served that the infinite medium 

buildup factors agreed quite well with the Goldstein and Wilkins resulto 

The comparisons of these buildup factors are shown in Figures 7 - 11. 

Because of the close agreements di splayed in the comparisons, the tech-

nique of buildup factor evaluati o n by transmi ss ion matrix method is be-

lieved to be correct within the context of thi s inve s tigation. 

For light (low Z) materials, the effect s of source backing and re-

flection beyond finite thickne s ses cause the infinite medium buildup fac-

tors to be considerably higher than those of finite slabs. The finite 

slab buildup factors are shown as the triangular points in Figures 7 - 11 . 

As the atomic number of the material increa ses, the difference between 

infinite medium and finite slab decreases . For lead and uranium, the 

effects of source backing and reflection beyond finite thickness are almost 

negligibleo 

B. Mui ti 1 ayer Bui 1 dup Factor Studies 

The transmission matrix method was employed to compute multilayer 

buildup factors for twenty-six different two-layer and three-layer systems. 

Finite slab energy fluence buildup factors obtained from part A were used 

as input data to compute multilaye r buildup factors by Broder 1 s, Kitazume 1 s, 

Kalos' formulas and the method of analytical continuation. Comparisons 
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between the multilayer buildup factors computed by the t ransmis s ion matrix 

method and those by the four semiemp iri ca l forms are s hown in Figures 

12 - 57. In the figures were displaye d varying degrees of agreement be-

tween the transmi ss ion matrix method result and those of the four semi-

empiri ca l formula s . These differences will be discussed . 

The various two-layer comb inat ions can be classified into three 

broad categories: 

1) Li ght mate ri al followed by heavy material, e .g., water fo llowed 

by l ead, iron fo ll owed by uranium, etc. 

2) Heavy ma te rial f o llowed by 1 ight ma te rial , e.g. , l ead f o ll owed 

by aluminu~ urani um followed by water, etc. 

3) Two layers of materials of s imil a r properti es s uch as the lead 

and uranium combinations . 

The results obtained from this investigation wil I be discussed 

according to the above categories. 

1. Light-heavy systems 

It i s apparent from Figures 12 - 51 that the formula o f Broder is 

inadequate to de scr ibe a light-heavy system. The reason is that Broder' s 

formula does not take into account the final saturating buildup in the 

last layer. In a li ght-heavy combi nati on, this final s aturating buildup 

in the last layer is dominated by the buildup of the last layer alone until 

the last layer thickness becomes relatively thin compared to the system 

thickness (approximately less than 5 mfp in a 20 mfp system and less than 

1 mfp in a 6 mfp system). However, the Broder's form describes the buildup 
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Figure 12. Energy fluence buildup factor of a 20 mfp water-aluminum shield 
for a l Mev point isotropic source 

Figures 12-57 are graphs of energy fluence buildup factor, BE, 
versus first layer thickness of the multilayer slab 
shield systems for a 1 Mev point isotropic source. 
The media that compose the multilayer shields are stated 
in orders of appearances o For example, a uranium-water 
shield i s a two-layer shield system with uranium as the 
first layer follov.oed by water as the second layer. The 
total thicknesses of the multilayer shield systems are 
fixed at six or twenty mfp. The following abbreviations 
are used in the figures : 

Iransmission ~atrix ~ethod falculations: TMMC 

~roder 1 s formula falculations: BFC 

~itazume 1 s formula falculations: KFC 

~alos' formula falculations: KLFC 

Method of ~nalytical fontinuation falculations: MACC 
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Figure 36. Energy fl uence buildup factor of a 20 mfp lead-water shield for a 1 Mev point isotropic source 
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water shield for a 1 Mev point isotropic source 

0 0 0 TMMC 

• • • BFC 

Ci 0 0 KLFC 

• y ... MACC 



www.manaraa.com

60 

50 

~ 
tJ 40 
-< 
~ 

Cl. 
~ 
Q 
~ 
H 

~ 30 
i:zJ 
(.) 

~ 
~ 
~ 

>4 20 
~ 
~ 

10 

62 

20 

SLAB THICKNESS (mfp) 

Figure 44. Energy fluence buildup factor of a 20 mfp uranium-
aluminum shield for a Mev point isotropic source 

o------~~~~--_,.,o 

• 
0 ... 

• • 
0 

" 
0 ... 

TMMC 
BFC 
KLFC 
MACC 



www.manaraa.com

63 

10~~~--~~~--~~----------------------------------, 

8 

6 

w 
al 

4 

2 

o._ ________ ..._ ________ __. ________ __.._ __________________ ....., ________ __ 
0 1 2 3 4 s 

SLAB THICKNESS (mfp) 

Ffgure 45. Energy fluence buildup factor of a 6 mfp uranium-
alumfnum shield for a I Mev point isotropic source 

uo---""'-0>----o THMC 

• • • BFC 

0 0 0 KLFC 

• MACC 

6 



www.manaraa.com

64 

60 

50 

10 

0 --------------------..... i....------------------------------------0 4 8 12 16 20 

SLAB THICKNESS (mfp) 

Figure 46. Energy fluence buildup factor of a 20 mfp uranium-
iron shield for a 1 Mev point isotropic source 

o-------c:io~-----o 

• 
0 ... 

• 
0 ... 

• 
0 ... 

TMMC 
BFC 
KLFC 
MACC 



www.manaraa.com

8 

6 

UJ 
co 

4 

2 

65 

0'--------......1'--------......ii.....----~__..__~~~--'--~----..... ---------' 
0 1 2 3 4 5 6 

SLAB THICKNESS (mfp) 

Figure 47. Energy f luence buildup factor of a 6 mfp uranium-
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Figure 51. Energy fluence buildup factor of a 6 mfp uranium-
lead shield for a 1 Mev point isotropic source 
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al each l ayer as the s um of indi v idual difference in the buildup. Conse-

quent l y, the buildup factors ca l cu l ated by Brode r' s form a re shown in-

creasing almost li near l y as the fir st (1 ight) laye r increases in thick-

ness. In the actual cases, the buildup fac tors remain relatively constant 

until the last l ayer becorres r e lati ve l y thin compa red to the sys t em thick-

ness . Deviations of Broder' s form due to this cause are observed in both 

the 20 mfp and the 6 mfp cases. 

It is observed that the buildup factor s calculated by the Kitazume 

form are generall y in good agreement with those of the transmission matr ix 

method. The formula of Kitazume approximates the "dominance by the last 

layer" effect by multiplying an exponen ti a l term, exp{-ax2 ), to the 

Broder's form . [Equations {26) and {23)] . Whe n the last (heavy) layer 

is relatively thick, the exponential term i s zero fo r a l l pract ical pur-

poses and hence the two-layer buildup factor of a li gh t-heavy sys t em i s 

essentially the buildup factor of the last layer. As the last layer be-

comes relatively thin, the exponential function increases rapidl y and the 

re sults resembl e the transmission matrix method r esults. Mathematically 

speaking, for every transmission matrix method va lue of buildup factors, 

one can always fit an a to ge t the identical buildup factor by Kitazume 

form. However, very li tt l e information on a i s available. The va lue of 

a in thi s investigation i s chosen iterat ively such that one s ingle va lue 

of a would be suff ici e nt and suitable for a tVJO-layer sys tem of fixed total 

thickness . In ge neral, a = 1. 0 r15] would generate close agreement by the 

Ki tazume form for a li ght-heavy sys tem. Such close ag reement between the 
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Kitazume form and the transmi ss ion matrix methods are obse r ved in both the 

20 mfp and 6 mfp cases . 

Ka los form [see Equat ion (30)] was extended to app l y to cases other 

than the water-lead combination and total thickness of more than 6 mfp. 

Gene r a ll y speaking, t he deviations of the r esu lts of Ka los ' fo rm we r e le ss 

in the 6 mfp cases than i n the 20 mfp cases. For the particular cases of 

water followed by l ead and water followed by uranium, the resu l ts from 

Ka l os form showed very good agreement with those of the transmiss ion matrix 

method. Application of Kalos fo rm to other light-heavy comb inat i ons 

wou l d result in a lower buildup va l ue than the transmission matrix method . 

For such cases, the formu l a of Kitazume appeared to be super ior . 

The method of ana l yti ca l cont inua tion was applied to a ll li gh t-heavy 

combinations except those involving l ead and uranium as t he second layer. 

The reason be ing that the first procedure in the method of analytical 

cont inua ti on is to conve rt the first l aye r into a hypothetical laye r of 

the second medium gi ving an equiva l ent buil dup factor . To achieve this, 

one would need to extrapolate the buildup value of lead and uranium we ll 

ove r 20 mfp where data wou l d not have been calculated. In general, the 

results of the method of analytical cont inuati on show poor agreement with 

the transm i ssion matrix method res ul ts. The deviation of this method from 

the transmission mat ri x me thod i s most notabl e when the differences between 

the t wo laye rs are most acute. This i s so beca use t he more drast i c the 

change in energy spectrum and angular di s tribution tha t occurs at the 

interfacial boundary, the large r the introduced e rror . Deviations betwee n 

the results of the method of analytical continuation a nd those of the 
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transmission matrix method are obse r ved in both the 20 mfp and the 6 mfp 

cases. 

2. Heavy-light systems 

For heavy-light combinations, the effect of "domi nance by the last 

layer" i s much l ess than the li ght-heavy combinat i ons . In fact, for the 

cases whe re the fi r st layer i s lead or uranium, the buildup factor wou ld 

undergo an a l mos t linea r decrease as the first layer increases in th i ck-

ness . For such cases of linear decrease, the Broder form shows good agree-

ment with the transmission matri x method for both the 20 mfp a nd the 6 mfp 

systems . For the cases where the first laye r is iron or a luminum, the de-

c rease of buildup i s no longer li near and the Broder form i s inadequate. 

In the same manner a s in the li ght-heavy systems, the formula of 

Kitazume de scribes the decrease of the buildup factors of the heavy-light 

systems by an exponential function, exp(-ax2 ). If the first laye r i s 

e ithe r l ead or uranium, a is automatically set equa l to ze ro s i nce the 

buil dup factor calcul ated under s uch condi t i on i s the c l osest one can ge t 

to the transmission matri x method value. This \.'JOu l d reduce the Kitazume 

form into Broder for m. When the first layer is e ither aluminum or iron, 

the Kitazume form approximates the transm i ss ion matrix method result just 

as in the previous cases. In general, the Ki tazume form can describe the 

heavy-light systems adequately by choosing the best fit a va l ue. 

Except in the cases where l ead or urani um is the fi r ~t l aye r material, 

Ka l as form [Equation (29)) is inadeq uate to describe the buildup behavior 

of a heavy-li ght combination . For the cases where the total th i ckness of 
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the systems are 20 mfp, the deviations between the Ka las form and the trans-

mission matrix method are especially apparent. The formula of Kalas is 

quite applicable to two-layer shields of total thickness less than 6 mfp 

and with either lead or uranium as the first layer. 

For heavy-light systems, the method of analytical continuation 

general l y shows good agreement with the transmission matrix method. It 

should be pointed out that there probably is error introduced when one 

reads a hypothetical thickness off the buildup factor graph. This error 

of reading off the graph may counter or compound the error due to the 

energy spectrum and angular distribution change at the interfacial boundary. 

3. The lead and uranium combinations 

Since both lead (Z=82) and uranium (Z=92) are heavy materials, their 

gamma energy spectra and angular distributions are similar in nature. The 

buildup factor undergoes relatively little cnange in such systems and all 

four formulas appear to describe the buildup behavior well. No distinction 

can be made in pinpointing which form is more accurate for the systems. 

The various three-layer systems can be classified into two categories: 

(1) Light material slab sandwiched in a heavy medium of fixed total 

thickness, e.g., the iron-water-iron system, etc. 

(2) Heavy material slab sandwiched in a light medium of fixed total 

thickness, e.g., the water- I ead-water system, etc. 

The three-layer buildup factors evaluated by the transmission matrix 

method were compared with those of the formulas of Broder, Kf tazume and 

analytical continuation. Since Kalas form was devised for a two-layer 
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syste~ it was not used here for compari son. 

The comparisons of three-layer buildup factors between the trans-

miss ion matrix method and the three semi-empirical fo rms were s hown in 

Figures 52 - 57. In general, Kitazume form showed the least deviation 

from the transmission matrix method . For systems of wate r slab moving in 

aluminum or iron (and reversed) t he deviations of Broder form and the 

method of analytical continuation from the transmission mat ri x method were 

within reasonable limit. However, for the system of water-lead-water, 

Broder form was far from being accurate and the method of analytical 

continuation was inapplicable. The reason behind the inapplicability of 

the method of analytical continuation in this instance is the same as in 

the two-layer case where lead i s the second l aye r (see page 77) . 
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V. CONCLUSIONS 

It has been shown that the transmission matrix method can be used to 

generate buildup factors systematically as a function of source-detector 

distance, source wavelength and shielding material. Through comparisons 

with the Goldstein and Wilkins' res ult s and considerations of the un-

certainty Jn the original data, it i s agreed that the transmission matrix 

method is both accurate and suitable for parametric s tudie s of buildup 

factors . 

Close agreement between the Goldstein and Wilkins' report and the 

transmission matri x method calculations for single layer materials of 

infinite medium was observed. Since the technique of transmi ssion matrix 

method used to calculate the infinite buildup factor s applied to the finite 

buildup factors in the same way, it is concluded that the finite s i ng le 

layer buildup factors evaluated by the transmission matrix method are also 

accurate within the uncertainty limit . 

Due to the fact that the re i s no established be nchmark value for 

multilayer buildup factors, no absolute statement can be made regard ing 

the relative accuracies of the formulas of Broder, Kitazume, Ka los and the 

method of analytical continuation. It is observed, howeve r, that the re-

sults of all four f o rmulas deviate somewhat from the transmi ssion matr ix 

method calculations. For light-heavy sys tems, Kitazume form offers the 

leas t deviations from the transmission matri x method. For heavy-li ght 

systems, least deviations i s bes t achi eved by using a combination of Broder 
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and Kltazume form. For three-layer systems, Kitazume form shows the 

l east deviations from the transmission matrix method calculations among 

the three applicable formulas . 



www.manaraa.com

83 

VI. LITERATURE Cl TED 

1. D. K. TRUBEY, "Survey of Empirical Functions Used to Fit Gamma-ray 
Buildup Factors", ORNL-RSIC-10, Oak Ridge Nationa l Laboratory (1966). 

2. A. B. CHILTON, in Engineering Compendium on Radiation Shielding, 
R. G. JAEGER~~., Eds., pp. 210-226, IAEA, Vienna (1970). 

3. H. GOLDSTEIN and J. E. WILKINS, "Calculations of the Penetration of 
Gamma Rays", NY0-3075, Nuclear Development Corpora tion (1954) . 

4. J . F. PERKINS, J_. ~· ~. , 26, 1372 (1955). 

5. C. D. ZERBY, ORNL-1816, 144, Oak Ridge Nati ona 1 Laboratory 
(1955). 

6. M. J. BERGER and J. A. DOGGET, J. Research Nat. Bur. Standards, 
22., 89-98 ( 1956 ) 0 

7. M. J. BERGER, Proceedings of Shielding Symposium Held at the Naval 
Radiological Defense Laboratory, USNRDL Reviews and Lectures No. ~ 
4 7 (I 956). 

8. A. B. CHILTON, NUCLEONICS, 23J 119 (1965). 

9. J. J. TAYLOR, "Application of Gamma Ray Buildup Data to Shield Design", 
WAPD-RM-217, Westinghouse Electric Corporation, Atomic Power Divi s ion 
(1954). 

10. M. A. CAPO, Polynomial Approximation of Gamma Ray Buildup Factors for 
a Point Isotropic Source", APEX-5 10, General Electric Company 
(1958). 

11. T. ROCKWELL, ed., Reactor Shielding Design Manual, pp. 8-11, 
D. Van Nostrand, New York (1956). 

12 . E. P. BLIZZARD and L. S. ABBOTT, eds., Reactor Handbook, 2nd Ed., 
Vol. 111, lnterscience, New York (1962). 

13. H. GOLDSTEIN, Fundamental Aspects of Reactor Shie lding, pp. 189-192, 
Addison-Wesley, Mass. (1959). 

14. D. L. BRODER, Yu. P. KAYURIN and KUTREZOV, Soviet Journal of Atomic 
Energy, ~ 26-31 (1962). 

15. M. KITAZUME and Akira OGUSHI, "Buildup Factor for Gamma Ray Penetra-
tion Through Multiple Layers of Reactor Shieldin~', ORNL-Tr-1 906, 
Oak Ridge National Laboratory (1967). 



www.manaraa.com

84 

16. M. SHINDO, IAEA Technical Reports, Series No. 34 (1964). 

17. M. KALOS, 11 A Monte Carlo Calculation of the Transport of Ganma Rays11 , 

NOA 56-7, United Nuclear Corp., Deve lopme nt Div. (1956). 

18. W. ZUMACH, 11 An Analytic So l ution of the Multilayer Problem in the 
Buildup CalculatioIT', ORNL-Tr-1 949, Oak Ridge National Laboratory 
(1967). 

19. J . H. HUBBELL, 11 Photon Cross Sec ti o n, Atte nuation Coefficients, and 
Energy Absorption Coefficients From 10 Kev to 100 Gev•, NSRDS-
NBS 29, National Bureau of Standards (1969) . 

20. M. CLARK and K. F. HAN SEN, Numerical Methods of Reactor Analysis , 
pp. 223-231, Academic Press, New York (1964). 

21. A. F. ROHACH, 11 Anal ys i s of Matrix Point Kernel 11 , Engineering Research 
Institute, Iowa State Uni ve r sity (1970 ) . 

22. M. J. BERGER, 11 Energy Deposition in Water by Photons from Point 
Isotropic Sources11 , MIRO/Pamphlet No. 2, Journal of Nuclear Medicine, 
Supplement No. l (Feb. 1968 ) . 



www.manaraa.com

85 

VI 1. APPENDIX A 

Defi ni ti ons: 

Roentgen: A roentgen is defined as the quantity of X or gamma radiation 

such that the associated corpuscular emission per 0.001293 gm 

of air produces ions carrying 1 e.s.u. of electricity of either 

sign. This is equivalent to 2.58 -4 x 10 coulomb/~g. 

1 R = 1 e.s.u./0.001293 gm of air -4 
= 2o58 x 10 coulomb/kg. 

Rad: A rad is defined as the quantl ty of ionization radiation that 

imparted 100 erg of energy to the matter in a vo lume element 

of mass 1 gm. 

1 rad = 100 erg/g -2 = 10 joule/kg 
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VI II. APPENDIX B 

Transm i ss ion Matri x Theory [21) : 

Consider n laminated laye r s of the s ame material of infinitesimal 

thickness t 1, t 2, ••• tn' one obtains 

H(t) = H(t 1 + t 2 + ••• tn) = H(tn ) H(tn_ 1) • •• H(t 1) = n 
i=n 

' H ( t) - wt = e = I - wt + 

where n 
t 'E t. 0 

i =1 I 

2 (wt) 
2! 

+ • 0 0 

H(t. ) •• • 
I 

( B 1 ) 

(B2) 

The t ransm i ss ion matrix operator, T(t) and refl ection operator, R(t) can 

be expanded as fo 11 ows: 

2 
T(t) -at I (at) = e = - a t + + 000 

2! 

R ( t) = I - e -t3t = t3 t -
_Cfili_ + 000 

21 

Reca ll from Eq uati on (JO), one ha s the relation: 

H (t) = 
RT-I 

-I 
T 

Substituti ng Equations (B3) and (B4) into Equati on (BS), one obtains 

(B3) 

(B4) 

(85) 
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H ( t) = I - (~ - (3 ] t + 0'-'000 

f3 -a (86) 

Equati ng Equations (82) and (86 ), one finds 

w [ex - (3 ] 
f3 -ex 0 (87) 

For the purpose of computational convenience it i s necessary to diagona-

lize the matrix W. To achieve diagona li zation, first matrix Wi s t rans-

formed to W by : 

where 

I [ I I J [ex 
2 I - I f3 

c= ex +f3 

o=ex - (3 

-(3 J [ I I 
-a· I - I 

= [ 0 
0 

,,. 
0 (88) 

The second s tep is the solution of the eigenval ue problem of W. Consider: 

WZ = Z/\ (89) 

whe re 

From Equation (89), one obtains the following four equations: 
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cz21 = z 11 /\11 (B 10) 

cz22 = z12 Iv;_ 2 (B 11 ) 

i')l 11 = z21 J\11 (B 12) 

AZJ 2 = Z22 1122 (B13) 

It is observed from Equations (BlO) and (B13) that if Xis column etgen-

vector of the matrix A, where A= C ~, then it follows: 

z 11 = z12 = x (B 14) 

z21 x r -1 (B IS) R 

z22 
-1 (B l 6) = -~ x r 

where /\l l = r, A22 = - r . Substitut i ng Equat ion (B 14) - (B16) into 

Equation (B9), one obtains: 

x x 
-1 -1 0xr - ~xr 

= 
x 

- 1 
,l\Xf 

x 
-J)Xf -1 

r e 
e -r J (B 17) 

Taking the transpose of Equation (B9), one obtains a simil ar re l a ti on 

for Y, the row eigenvector of matrix A. 

-~jT UT= UT f\T (B 18) 
-u w = /\ u (B l 9) 

where 
ul 1 u12 /\11 9 

u = [ J\ = [ 
u21 u22 9 A22 
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From Equation (81 9), one obtains the following four equa ti ons: 

u12 "'= i\11 UI I (82 0) 

u22 "' = /\22 u21 (821 ) 

u 11 ~ = i\11 U12 (822) 

u21 c = "'22 u22 (823) 

From Equation (820) - (823 ) , it can be s hown that the fo ll owing is t r ue: 

u 11 = u21 = y (824) 

u22 
-1 y (825) = r ( 

U12 
-1 = r y c (826) 

Having had the co lumn e igenvector X, and row eigenvector, Y, defined, 

and choosing YX = 1, the diagonalization of matrix W proceeds as follows: 

y x x 
-1 -1 ] • 

8 xr - & xr 
(82 7) u w z = 

y 

Subst ituting Equation (8 l 7) into (82 7 ), the above equat ion becomes 

y -1 r vc x x r 9 
IJWZ = -1 ] ] -I -1 y -r Yr;, 8 xr - 8 xr 9 -r 

(828) 

Subst i tuting Equation (88) into (82 7 ), one obtains the following: 
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l.MZ = 2 

-1 
Y r Yr;, 

-1 ] 
Y -r Yr;, 

1 y + 
=-[ 

2 y -

-1 r Yr;, 
-1 r Yr;, 

y -

y + 

I 
] 

-I 

90 

a -13 I I 
[ ] [ ] 

13 -a I -I 

-1 r Yr;, a -13 
-1 J r l 

f Yr;, 13 -a 

-1 
X - 1'Xf 

-1] 
X + "Xf 

(B29) 

Equating Equations (B28) and (B29), the diagonalization relation of matrix 

W i s: 

-1 
1 Y + r Yr;, 
4 [Y - r- 1Yr;, 

r e 
= [ ] 

e -r 

Let -1 -1 c :t = Y :t r y' B + = x ±. 8 x r 

Equation (B30) becomes: 

1 
4 

C+ c- B+ B- r e 
] W[ ] = r ] 

C- C+ B- B+ G -r 

-1 x-axr 
X+5 XI"- l 

] 

(B3 0) 

(B31 ) 

Having diagonali zed the matrix W, the next s tep is to relate Equation (B31) 

to the matrix H(t) and find the transmission and refl ec tion matrix 

operators, T(t) and R(t), respecti ve ly. From Equation (B2), one derives 

the following relations: 
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H ( t) = e 
-Wt , if w can be diagonalized to sws- 1, then : 

-sws- 1 t = e 

H(t) 
-1 -SWS-lt = S e S (B32) 

Note that Equation (B31 ) can be s ubst ituted into Equation (B32) by sett ing: 

e 

l C+ C-
S = 2 [ J 

-1 -sws t 

C- C+ 

1 C+ 
= exp - 4 [ 

c-

r g 

-1 1 B+ B-
S = 2 [ J 

C-
J 

C+ 

B- B+ 

B+ 
w [ 

B-

B-

B+ 

e -At Q 
= exp - [ J t = [ J 

Q e'\ t g -r 

(B33) 

J t 

(B34 ) 

Substituting Equations (B33) and (B34) into Equation (B32), o ne obtains 

the re 1 at ion: 

J B+ B-
H ( t) = 4 ( ) 

B- B+ 

e - At Q 

( At) 
Q e 

C+ C-
( ) 

C- C+ 

B e -At c + B -At - At c At 
c+ e C B+ e + B e 1 [ + + -H(t) = 4 J (B3 5) 

B -At c + B+ eAt C B - At c At 
c+ e e + B+ e + -

Equating Equations (835) and (BS), t he express ion of T(t) and R(t) are 
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found as fo ll ows: 

(B3 6) 

(B3 7) 

With T(t) and R(t) calculated, the total transmitted garrma flux can be 

computed according to Equation (9). The following procedures s unmarize 

the algorithm of transmis s ion matrix mathod in calcu l ating buildup 

factors: 

(1) Input of data in photoe l ectric and pair production cross sect i on, 

atomi c number and dens ity, to fo rm the matrices ry and r'3 • Matrices C, 6 

and A we re subsequent l y formed . 

(2) Solut i on o f the e i gnva lue problems to find the co lumn and row 

eignvectors, X and Y, and the e i gnvalue r of the ma trix Ao 

(3) Compute the va lues of C+ and B+ from X, Y, r obtained in step (2). 

(4 ) Compute the transmi ss ion and reflection matrix operator, T(t ) and 

R(t), and finally the total transmitted galTllla flux spec trum and the build-

up f actor so 

It should be noted that steps (1) through 0) are independent on the 

geometric confi guration and thicknes s of the medium. They are on l y re-

lated to the cross sect ions of the mediumo Thus the first three steps need 

to be done on ly once for each materia l and coul d be s tored for future 

usage. This unique featur e of t r ansmi ss i on matrix method algorithm makes 

it particularly s uited for parametric s tudie s in buildup factors. 



www.manaraa.com

93 

IX~ ACKNOWLEDGMENTS 

The author wishes to express his gratitude to Oro Ao Fo Rohach for 

hi s guidance and encouragement offered during the course of this investl-

gationo 

This work was supported by the Engineering Research Institute, Iowa 

State University, through funds made available by the Atomic Energy 

Convnissiono 


	1-1-1971
	Evaluation of buildup factors by the transmission matrix method
	Norman Hai-Ming Koo
	Recommended Citation


	Evaluation of buildup factors by the transmission matrix method 

